Given an unstable point v, Mumford has posed the problem of picking out a natural class Λ v of one-parameter subgroups λ of G such that v is λ-unstable. I will present a solution to this problem. Surprisingly, this result requires very little not contained in Mumford's book.
I don't know any solution to Tit's more general "center" conjecture, but my result is strong enough to establish the generalization of Godement's conjecture mentioned by Mumford on page 64 of his book. For the case of the real ground field, this result has been proven by D. Birkes [1] .
There remains the question of providing some intuitive geometric characterization of the class Λ v and investigating the properties of the "flag of highest contact" P v (see page 48
of [4] ). Q.E.D.
Let R h denote the open ray through p h : R h is the ray along which h increases most rapidly.
We will also need an integrality statement about this ray.
Let L be a lattice in V. We will assume that the inner product of two elements of L is integral. Furthermore, we assume that each function in F has integral values on L.
With all the above assumptions, we have Lemma 2. The ray R h contains an element λ h ∈ L such that any
Proof. If we show that R h ∩ L is not empty, the statement follows because the intersection of L with the line generated by R h will be a rank one abelian group. Let G be the subset of F consisting of the functions f such that f(p h ) = h(p h ). Therefore, we may assume that there is a function g in F such that g(p + h) = h(p h ) > f(p h ) for any other function f in F.
Thus, p + h must be a positive relative maximum for g as g = h near to p+ h . Hence, it will be enough to prove the lemma when F = {g}.
We may end the proof by noting that, if g * is the point of M such that (g * , m) = g(v), then, g * ∈ Q · L by the integrality of ( , ). Furthermore, g * /||g * || is evidently equal to p h in this case.
Q.E.D.
If one dropped the assumption that h takes a positive value, the above argument shows Proof. By the conjugacy properties ( * ) and a), we need only prove that, there is a one-parameter subgroup lambda 0 of a fixed
for all g in G and λ in Hom(G m , T) ≡ Γ(T), as any one-parameter subgroup of G is conjugate to an element of Γ(T).
Let R be the state of a vector v in V with respect to T.
For any λ. in Γ(T), we have m(v , λ) = min χ(λ) for χ in the state R. As the χ(λ) are integral-valued linear functions of λ in Γ(T), we may apply Lemma 3 to find a one-parameter subgroup
The lemma now follows from the remark that these are only a finite number of possible states for vectors in V. Q.E.D. §3. We next recall the parabolic subgroup P(λ) of G associated to a one-parameter subgroup λ of G. Consider the adjoint representation of G on its tangent space g at the identity. From the definition of P(λ), one may check that the action of P(λ) on V must preserve the weight filtration V i . In fact, the unipotent radical U(λ) acts trivially on the quotients V i /V i+1 .
The next lemma is related to Mumford's Proposition 2.7.
Lemma 5. Let v be a non-zero vector in V. Then, By the statement (b) of Theorem 6, we have P(λ) = P v = P( σ λ 0 ) for any any element λ of Λ v . By the definition of the subgroup P(λ), we have P( σ λ) = σ P(λ). Thus, P v = σ P v for any σ. This proves (b).
For c), take a maximal torus T of P v which is defined over k. Then, T is also a maximal torus of G as P v is a parabolic subgroup. In the proof of Theorem 6, we have seen that T has a unique one-parameter subgroup contained in Λ v . By uniqueness, this subgroup must be fixed by any σ and, hence, it is defined over k. This proves c).
open arc.
To prove the lemma in this case, we note that f restricted to
Uf is a strictly convex function (with respect to angle ordering on Uf).
Thus, h is a strictly convex function on and must therefore have its sole relative maximum value at p.
The general case follows by remarking that, for any other point s of s, s and p are either contained in line or a plane.
Q.E.D.
Let denote the open ray through p h. is the ray along which h increases most rapidly.
We will also need an integrality statement about this ray. Let L be a lattice in V. We will assume that the inner product of two elements of L is integral. We may end the proof by noting that, if g* is the point of M such that (g*, m) = g (v).
Then, . g* E:
• L by the integrali ty of ( , ) . Furthermore,' g*/Jjg•jl is evidently equal to ph in this case.
If one dropped the assumption that h takes a positive value, the above argument shows Q.E.D.
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We now are in a position to understand the central result of this paper.
The statement will use the language introduced in and for Lemma 4. Q.E.D. §4. In th~s section, we will give a rationality consequence of the Theorem 6.
•" Fix a perfect field k. We will assume that G and its representation on V are all defined over k. Furthermore, v will be a non-zero k-rational vector in V. 
V V
For c), take a maximal torus T of p which is defined over k.
V
Then, T is also a maximal torus G as P is a parabolic subgroup.
In the proof of Theorem 6, we have seen that T has a unique one-parameter subgroup contained in A. By uniqueness, this subgroup must be fixed by any o and, V hence, it is defined over k. This proves c).
